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I. KUPELI ERKEN AND C. MURATHAN 

Abstract. We give a local classification of (k, fi,v = const. )-contact metric manifold 
[M, (p, £, V> 9) with k < 1 which satisfies the condition " the Boeckx invariant function 

I M = 2 ^ is constant along the integral curves of the characteristic vector field 



1. Introduction 

It is well known that there exist contact Riemannian manifolds (M 2n+1 ,<fi,£,r],g) for 
which the curvature tensor R in the direction of characteristic vector field £ satisfies 
R(X,Y)£ = 0, for all X, Y e T(TM) . For example, the tangent sphere bundle of a 
flat Riemannian manifold carries such a structure. In [2] Blair studied for the first 
time the class of contact metric manifolds satisfying above condition. If one applies a 
P a -homothetic deformation on M 2n+1 with R(X,Y)£ — 0, one can find a new class of 
contact metric manifolds satisfying 

(1.1) R(X, Y~)£ = k (i] (Y) X - 77 {X) Y)+fi(r] (Y) hX-rj (X) KY) , 

for some constants n and fi, where 2h denotes the Lie derivative of the structure tensor 
<j) with respect to characteristic vector field £. A contact metric manifold belonging 
to this class is called (k, /^-contact metric manifold. This new class of Riemannian 
manifolds was introduced in 4 a as a natural generalization both of R(X, Y)£ = and the 
Sasakian condition R(X, Y)£ — rj (Y) X — r\ (X) Y. Nowadays contact (k, /i)-manifolds 
are considered a very important topic in contact Riemannian geometry. In fact in despite 
of the technical appearance of the definition, there are good reasons for studying («, 
spaces. The first is that, in the non-Sasakian case (that is for (t ^ 1), the condition 
(|l.ip determines the curvature tensor field completely; next, (k, /i)-spaces provide non- 
trivial examples of some remarkable classes of contact Riemannian manifolds, like CR- 
integrable contact metric manifolds (|14j). -ff-contact manifolds (|12|). harmonic contact 
metric manifolds (|15j). or contact Riemannian manifolds with ^-parallel tensor ([6]); 
moreover, a local classification is known ([7]) and while the values of k and fi change, 
the form of is invariant under I? Q -homothetic deformations [4]. Finally, there are 
also non-trivial examples of (k, /x)-contact metric manifolds, the most important being 
the unit tangent sphere bundle of a Riemannian manifold of constant sectional curvature 
with the usual contact metric structure. 
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In [7] Boeckx provided a local classification of non-Sasakian (k, /x)-contact metric 
manifold respect to the number 

(1.2) hi = 4==, 

V 1 K 

which is an invariant of a (k, /j)-contact metric manifold up to 2? Q -homothetic deforma- 
tions. 

Koufogiorgos and Tsichlias [5] proved the existence of a new class 3-dimensional con- 
tact metric manifolds which are called generalized (k, /^-contact metric manifolds. Such 
a manifold satisfies the and k, (J, are non constant smooth functions on M. Moreover, 
it is showed in [8] that if n > 1, then k and /i are necessarily constant. 

In [11] the condition (jl.ll ) is generalized as 

(1.3) fi(X,F)e = K{j 1 {Y)X-i 1 {X)Y)+ii{r 1 {Y)hX-T 1 {X)hY) 

+v (77 (r) #x - t] {x) <j)hY) , 

where n, \i and u are non constant smooth functions on M. If the curvature tensor 
field of the Levi-Civita connection on M satisfies (ll.3[) . we say (M 2n+1 , 0, £,77, g) is a 
(k, /i, w)-contact metric manifolds. Also, it is proved that, for dimensions greater than 
three, such manifolds are reduced to (k, ^-contact metric manifolds whereas, in three 
dimensions, (k,/j,,v) -contact metric manifolds. 

Koufogiorgos and Tsichlias jTO] gave a local classification of a non-Sasakian generalized 
(k, /i)-contact metric manifold which satisfies the condition " the function fi is constant 
along the integral curves of the characteristic vector field £, i.e. = 0". One can 

easily prove that this condition is equivalent to £(Im) = for a non-Sasakian generalized 
(ft, /i)-contact metric manifold. This has been our motivation for studying non-Sasakian 
(k,/j,,v) -contact metric manifolds with £(ijw) = 0. We can prove that £{Im) = 
satisfies the condition £(/i) = v(/j, — 2). Moreover, the converse is also true. 

The paper is organized as follows. Section 2 contains some necessary background on 
contact metric manifolds. In Section 3, we give some result concerning (k, fj,, v) -contact 
metric manifolds. In the last section, we locally classify (k, /i, v = const. )-contact metric 
manifold with £(Im) = 0. All manifolds are assumed to be connected. 



2. Preliminaries 

A diffcrentiable manifold M of dimension 2n + 1 is said to be a contact manifold if it 
carries a global 1-form 77 such that 77 A (dn) n 7^ 0. It is well known that then there exists 
a unique vector field £ (called the Reeb vector field) such that r)(£) = 1 and dq(£, •) = 0. 
Any contact manifold (M,r]) admits a Riemannian metric g and a (1, l)-tensor field <j) 
such that 

(2.1) cf? = -I + 77 ® = 0, 77(A) = g(X, 

(2.2) gifiX, <pY) = g(X, Y) - r,{X)r,{Y), g(X, <j>Y) = d v (X, Y), 

for any vector field X and Y on M. Define an operator h by h = ^C^, where C denotes 
Lie differentiation. The tensor field h vanishes identically if and only if the vector field £ 
is Killing and in this case the contact metric manifold is said to be K-contact. It is well 
known that h and <f>h are symmetric operators, h anti-commutes with <f> 



(2.3) 



(f>h + h(f> = 0, h£ = 0, 77 o h = 0, trh = trcf>h = 0, 
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where trh denotes the trace of h. Since h anti-commutes with <f>, if X is an eigenvector of 
h corresponding to the eigenvalue A then (j)X is also an eigenvector of h corresponding to 
the eigenvalue —A [13] • Moreover, for any contact manifold M, the following is satisfied 

(2.4) V x £ = ~4>X - cphX 

where V is the Riemannian connection of g. If a contact metric manifold M is normal 
(i.e., N(j, + 2drj ® £ = 0, where N$ denotes the Nijenhuis tensor formed with cj>), then M 
is called a Sasakian manifold. Equivalently, a contact metric manifold is Sasakian if and 
only if R(X, Y)£ = rj(Y)X — ri(X)Y. Moreover, any Sasakian manifold is if-contact and 
in 3-dimension the converse also holds pQ. 

As a generalization of both R(X, Y)£ — and the Sasakian case consider 

(2.5) R(X, Y)£ = k( v (Y)X - V (X)Y) + ^(Y)hX - r){X)hY) 

for constants re and /x. This condition is called (re, /j)- nullity condition. This kind 
of manifold is called (re, /i)-contact metric manifold which was introduced and deeply 
studied by Blair, Koufogiorgos and Papantoniou in [J. 

The standard contact metric structure on the tangent sphere bundle TiM satisfies the 
(re, /i)-nulhty condition if and only if the base manifold M is of constant curvature. In 
particular if M has constant curvature c, then re = c(2 — c) and fi = —2c. 

Given a non-Sasakian (re, ji) -contact metric manifold M, Boeckx [7] introduced an 

invariant 1m '■= ^ 1 _ 2 fe , and proved that two non-Sasakian (re, /i)- contact metric man- 
ifolds (Mi, <fi 11 £ ll r] 1 , gi) and (M 2 , 4> 2 , ^2; ^21 92) are locally isometric as contact metric 
manifolds if and only if Im x = Im 2 ■ Then the invariant 7jy was used by Boeckx for 
providing a full classification of (re, /i)- contact metric manifolds. 

By a generalized (re, /z)-contact metric manifold we mean a 3-dimensional contact 
metric manifold such that it satisfies (|2.5j) . where re, /i are smooth non-constant functions 
on M. A manifold of this class was studied by Koufogiorgos and Tsichlias in [8], [9] 
and [10] , A recent generalization of the (re, /z)-contact metric manifold is given following 
definition. 

Definition 1 ( 11 ). A (re, fX,v)- contact metric manifold is a contact metric manifold 
(M 2n+1 , r] ,g) on which the Riemannian curvature tensor satisfies for every X, Y £ 
T(TM) the condition 

(2.6) R{XX)t = K(r)(Y)X-ri(X)Y)+n(r)(Y)hX-ri(X)hY) 

+v (77 (Y) <j)hX - 7] (X) <j)hY) , 

where K,fi,v are smooth functions on M. 

A contact metric manifold whose characteristic vector field £ is a harmonic vector field 
is called an ii-contact manifold. Moreover, in Perrone proved that £ is a harmonic 
vector field if and only if £ is an eigenvector of the Ricci operator. In [TT] Koufogiorgos, 
Markellos and Papantoniou characterized the 3-dimensional ii-contact metric manifolds 
in (re, fi, u)-contact metric manifolds. In particular, they proved following Theorem. 

Theorem 1 ([11]). Let (M 2n+1 , 77, g) be a 3-dimensional contact metric manifold. 
If M is a (re, /1 ,v)- contact metric manifold, then M is an H-contact metric manifold. 
Conversely, if M is a 3-dimensional H-contact metric manifold, then M is a (re, /_t, v)- 
contact metric manifold on an everywhere open and dense subset of M. 
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It is proved that for a (k, fj,, v)-contact metric manifold M of dimension greater than 
3, the functions k, fi are constants and v is the zero function 

Given a contact metric structure (M 2n+1 , (f>, £, r), g), consider the deformed structure 

(2.7) fj = at], £ = — £, 4> — 4>, g — ag + a(a — l)r) <& rj, 

a 

where a is a positive constant. This deformation is called 2?Q,-homothetic deformation 
[14] . It is well known that (M 2 ™ +1 , <j), £, fj, g) is also a contact metric manifold. By the 
direct computations we easily see that the tensor h and the curvature tensor transform 
in the following manner [3]; 

(2.8) h=-h 

a 

and 

aR(X,Y)l = R{X,Y)i+{a-lf{Tl{Y)X-7 1 {X)Y) 

(2.9) -(a - \){{Vx4>)Y - {V Y <t>)X + v(X){Y + hY) - r,{Y)(X + hX)), 

for any X, Y £ T(TM). Moreover, it is well known ([4] or [14]) that every 3-dimensional 
contact metric manifold satisfies 

(2.10) (V x( f>Y) = g(X + hX, Y)£ - V (Y) (X + hX). 
Using (f279]> and ([230]l . we obtain that 

R(X,Y)l = K + a2 ~ 1 { r)(Y)X - fj(X)Y) + M + ^ ~ l) (f,(Y)hX - fj(X)hY) 

(2.11) + -(fj(YUhX - fj(XUhY) 

a 

for any X, Y £ r(TM).Thus (M 2n+1 , <j>, £, fj, g) is a (R, jj, ■u)-contact metric manifold with 

- ft + a 2 - 1 - M + 2 (o^ - 1) - w 

(2.12) k= 5 , /i = , v=-. 

a. a a 

3. (k, h, u)-contact metric manifolds 
In this section, we will give some basic results of (k, /x, u)-contact metric manifolds. 

Lemma 1 ( |llj). The following relations are satisfied on any (k, (j.,v)- contact metric 
manifold (M 3 , 0, £, 77, <?). 

Trl 

(3.1) h 2 = {n-l)4> 2 , K = — <1, 

(3.2) = 2u(/s - 1), 

(3.3) = 2<, 

(3.4) Q = -«)/+(- ^ + 3K)?7®£ + /i/\ + <L»#, « < 1 

where Q is the Ricci operator of M , t denotes scalar curvature of M and I = i?(.,£)£. 



(k,h,v = const. )-CONTACT METRIC MANIFOLDS WITH £(Im) = 



5 



Lemma 2. Let (M, <f>, £, rj, g) be a (k, \x, v)-contact metric manifold. Then, for any point 
P G M, with k(P) < 1 there exist a neighbourhood U of P and an h-frame on U, i.e. 
orthonormal vector fields £, X, <j)X, defined on U , such that 



(3.5) hX = XX, hcf)X = -\cf)X, h£ = 0, A = ^/\^ 

at any point q € U . Moreover, setting A = XX, B = (f>XX and C — Xv, D — <pXv on U 
the following formulas are true : 

3.6) Vx£=-(A+l)«£X, V^ = (1-A)X, 

3.7) V^X = -!±(j>X, V^X = ^X, 

3-8) V X X = ^X, V^X = ^X, 

3.9) V^ = ~ ^+(A-% Vx 0X = -^X + (A + l)e, 

3.10) [£,X\ = (l + \-£)4>X ) [t,4>X] = (\-l + £)X, 

3.11) [X,<f>X] = -^X + ^X + 2i, 

3.12) h grad/i + cf>h gradv — gradn — £(k)£, 

3.13) X(x = -2A-D, 

3.14) <j>Xfj, = 2B + C, 

3.15) £(A) = (1 + A — + vA + AC, 

3.16) f (.B) = (A - 1 + ~)A + vB + XD, 

Proof. The proofs of (|3.6[) — (|3.11[) are given in [8] and [9]. In order to provef [3.13p . we 
will use well known formula 

1 3 

~gradT = J2(yx i Q)X i , 

i=l 

where {X x = £, X 2 = X, X 3 = 4>X}. Using (13"1| and ((2~4")) . since trh = trh<p = 0, we 
have 

3 33 
Y,^x t Q)X t = J2 X i(l- K ) + J2( Xi ^) hX i+ x i(v)<f>hXi) 

i—1 i—1 i—1 

3 3 
+p^(Vx s ft)Ii + ^(Vx.^I, + f (-1 + 3k)C 
i=l i=l 

1 r 
(3.17) = —gradr — gradn + h grad/i + <ph gradv + £(— — + 3k)£ 



+^(V Xi / i )l 1 +^(Vx l «X 1 
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3 3 

From the relations ([53]), Q5J5} and (O, we obtain J2(Vxih)Xi = Oand Y.(V xA^X, = 

i=l »=1 

2A 2 £. Using the last relations in Q3.17p . one has 

11 T 

(3.18) —grad t — —gradr — gradn + h grad/i + <f>h gradv + £(— — + 3ft)£ + 2 A w£ 

that is 

(3.19) £(k)£ - grack + /i grad[i + <f>h gradv + £,{-- + 2k)£ + 2A 2 w£ = 0. 

Since the vector field — gradn + /i gradfi + 0/i gradv is orthogonal to £. So, we get 

(13.121) . The equations fl3.13[) and p. 141) are immediate consequences of (|3.12p . 
By virtue of (|3.2|l and (|3.10|) . we have 

£(A) = £X\= [£,X]A + X£\ = (1 + A- ^)<pX\ + AXv + vXX 

= (1 + A- t)B + CX + vA. 
Similarly, the equation (|3 . 1 6|) is proved . □ 

4. — const. )-CONTACT METRIC MANIFOLDS WITH £(Im) = 

Koufogiorgos and Tsichlias lOi gave a local classification of a non-Sasakian generalized 
(k, /x)-contact metric manifold which satisfies the condition £(/i) = 0. We recall the 



(jl.2j) . We can easily prove that £(/i) = if and only if £(Im) = 0. Now, we assume 
that (M, </>, £, 77, g) be a non-Sasakian (k, /i, v)-contact metric manifold. Using (|3.2j) ,we 
can easily obtain that £(ijw) = if and only if = v(fi — 2). This case is also 
our motivation. If v = 0, we have classification which is given in |10j . Because of this 
fact we assume that w / 0. Let us concentrate that the value v is constant. Under 
this assumption, we will give a local classification of (k, fx,v = const)- contact metric 
manifold with n < 1 satisfying the condition £(/m) = in the following Theorem. 

Theorem 2 (Main Theorem). Let (M,(f>,£,r),g) be a non-Sasakian (k, — const.)- 
contact metric manifold and £(Im) — 0, where v = const. ^= 0. Then 

1) At any point of M , precisely one of the following relations is valid: fi = 2(1 + 
VI - «), or ix = 2(1 - y/1 - k) 

2) At any point P £ M there exists a chart (U, (x, y, z)) with P £ Z7 C M, such that 

i) the functions K, fi depend only on the variables x, z. 

ii) if jji = 2(1 + vl — k), {resp. /i = 2(1 — yl — k)), the tensor fields r\, £, <f>, g, 
h are given by the relations, 

£ = — — , n = dx — adz 
ox 



9 = U 1 -b resp. g 




resp. <f> - 



resp. 
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with respect to the basis ^jj^, 7^7, -§^j , where a = 2y + f(z) (resp. a = —2y + f(z)), b = 

_£ v - y m v -iLLM + l r{z ) e ™ +s{z ) (resp . b =£ v _ y m v _uLM + l r ( z)e vx +s{z y 

A = X(x, z) = r(z)e vx and f(z), r(z), s(z) are arbitrary smooth functions of z. 

Before the proof of the main Theorem, we will give a Lemma which contains some 
necessary relations to prove the main Theorem 

Lemma 3. Let (M, </>,£, 77, g) be a non-Sasakian (k,h,v = const.) -contact metric mani- 
fold . The following formulas are valid. 

(4.1) aA) = (l + \-^)B + vA, 

(4.2) t(B) = (\-l + ±)A + vB, 

(4.3) = -2A, 

(4.4) cj)Xn = 2B, 

(4.5) [£, cj>grad\] = v(A<j)X - BX). 

Proof. Using (|3.15p . Q3.16P and constant of v, we have the relations (|4.ip(|4.2[) . From 
(l3~T31) and (j3~T4l we obtain (O and ((131). By and (EH]), we have 

(4.6) gradX = AX + B<f>X + v\£, <f>grad\ = A0X - BX . 
Using gl|), (l3~TU]) . (|4"T|) and (TOJ), we find 

[f , <^radA] = [£, A(pX - BX] 

= (£A)<PX + A [£, - (£B)X - 5 K, X] = v(Acf>X - BX). 

□ 

Proof of the Main Theorem: Let {£, X, </>AC} be an /i-frame, such that 



/ix = xx, h<px = -\<t>X, A = 

in an appropriate neighborhood of an arbitrary point of M . Using the hypothesis 
£(Jm) = (i.e. £(/i) = v(fi — 2 j) and (|4.3|) . (|4.4[) . we have the following relations, 

(4.7) (c/jgradX)^ = AAB, 

(4.8) [£, </> 5 radA] /x = 4uAB, 

(4.9) C(^B) = 2uAB, 

(4.10) A£B + B£A = 2ABv, 

(4.11) A 2 (A-1 + |) + B 2 (1 + A-|)=0. 

Differentiating the relation (14. lip with respect to £ and using the relations 
= — 2), (|4.ip and (|4.2[) we can successively obtain 

(4.12) (1+ A-^)(A- 1 + ^B = 0. 
We distinguish following cases: 
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Case I) Mi = {P e M \ A(P) = 0, B(P) = }, or 
Case II) M 2 = {P G M \ A(P) = 0, B(P) £ 0}, or 
Case III) M 3 = {P G M \ A(P) £ 0, B(P) = }, or 
Case IV) M 4 = {PGM|(1 + A-|)(P)=0,(A-1+ f )(P) = 0}, or 
Case V) M s = {P G M | (1 + A- f )(P) = 0, (A — 1 + £)(P) ^ 0}, or 
Case VI) M 6 = {P G M | (1 + A - § )(P) ^ 0, (A - 1 + § )(P) = 0}. 
Firstly we will examine the Case I and the Case IV. We assume that the Case I is 
true. In this case, by (I3.11[) and (|3.2p . we get £(A) = uA = 0. Since u ^ 0, we obtain 
that A(P) = 0. This requires that k(P) = 1 which is contradiction with k(P) < 1. 
Let us suppose that the Case IV is valid. But in this situation, we have A(P) = 0, 
or equivalently k(P) — 1, which is impossible by the assumption of the mainTheorem. 
Secondly we consider the Case II. From the formula ()4.11|) . we find (1 + A — £)(P) = 
which appeares in the Case IV or the Case V. Similarly, the Case III is included in the 
Case IV or the Case VI. Finally, as the Case IV is impossible we only consider the Case V 
and the Case VI. Since M5 and Me disjoint open sets and the Case IV is impossible, we 
have M5 U Me = M. Due to the fact that M is connected, we conclude that {M = M5 
and Me = 0} or {M5 = and Me = M}. Regarding the Case V we have fj, — 2(1 + A), 
or equivalently fi = 2(1 + yl — k) at any point M. Similarly, regarding the Case VI we 
obtain /1 = 2(1 — A) = 2(1 — y/l — k). Therefore, (1) is proved. Now, we will examine 
the cases fj, — 2(1 + \/X — k) and [i — 2(1 — y/1 — k). 
Case V: ^ = 2(1 + VT - ^). 

Let P G M and {^, X, <fiX} be an /i-frame on a neighborhood U of P. Using the 
assumption fj, = 2(1 + y/1 — k) and (|4.11[) we obtain A = and thus the relations (|3.10p 
and <|3.1ip reduce to 

(4.13) K,-X]=0, 

(4.14) [^ ( f>X}=2\X, 

(4.15) [X,<l>X]=~X + 2t. 

Since [$,A^] = 0, the distribution which is spanned by £ and X is integrable and so for 
any q G V there exist a chart (V, (x, y, z)} at P G V C U, such that 

d d d d d 

(4-16) £ — * = ^ = a lT + 5 V +c ^' 

where a, 6 and c are smooth functions on V. Since £, X and </>JT are lineraly independent 
we have c 7^ at any point of V. By using (|4.16p . (|3.2[) and A = 0we obtain 

(4.17) ^=^A and ^ = 0. 

ox oy 

From (|4~T7| we find 

(4.18) \ = r(z)e vx , 

where r(z) is smooth function of z defined on V. By using ()4.14j) . (|4. 1 5|) and ()4.16p we 
have following partial differential equations: 

. . . . . da db _ . dc 
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From ^| = J 2 = it follows that c = c(z) and because of the fact that c ^ 0, we 
can assume that c = 1 through a reparametrization of the variable z. For the sake of 
simplicity we will continue to use the same coordinates (x, y, z), taking into account that 
c = 1 in the relations that we have occured. From = 0, |^ = 2 we obtain 

a = a(x,y,z) =2y + f(z), 

where f{z) is smooth function of z defined on V . Differentiating A with respect to <pX 
and using (|4.17|) we have 

(4.21) B = [(2y + f(z))vr(z) + r'(z)}e vx , 

where r'(z) = |§. By using the relations |^ = 2 A, || = and (|4.18l) we get 

b = -hyv + vf(z) + ^1) + -r{z)e^ + s(z), 
2 r(z) v 

where s{z) is smooth function of z defined on V . We will calculate the tensor fields 77, <j>, 
5 and h with respect to the basis J^, Jjj, J-^. For the components of the Riemannian 
metric, using ()4.16j) we have 

d d d d 

911 = g(g^, g^) = g{£, = 1, 322 = 5(7^, 7^) = g(x, x) = 1, 

g 12 = 921 =g(-,-) = 0, 

913 = g31=9{ d- X ^ X - a d- X -% ] 

= <t>X) - ag n = -a, 

523 = 532 = 5(7-, 0A - a- b— ) 

ay ox ay 

= g{X, 4>X) - ag 12 - bg 22 = -b, 

1 = g(<pX, cf>X) = ,g 33 = a 2 + b 2 + 333 + 2abg 12 + 2ag lz + 2bg 23 

= a 2 + b 2 + 5 33 ~ 2a 2 - 2b 2 = g 33 -a 2 - b 2 , 

from which we obtain 1733 = 1 + a 2 + b 2 . 

The components of the tensor field 4> are immediate consequences of 

«o -*!>-». «£>-**-5 +4 £ + 5? 

= -X-6(a— +&— + —) 
ox ay oz 

= -7 at>T; b— 

ay ox oy oz 

- -*s-< 1 +<-£ 

The expression of the 1-form 77, immediately follows from ?7(£) = 1, rj(X) — ri((j)X) = 

77 = dx — adz. 
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Now we calculate the components of the tensor field h with respect to the basis 
a 

dz- 

= h<t>X-CLh{ — )-bh{ — ) 

d 

= -\<f>X - bX— 
dy 

X(a ® + b ® + ® ) bX® 
dx dy dz dy' 

d d d d 

h{^) = -Xa^--2bX^--X^. 
dz ox ay dz 

Thus the proof of the Case V is completed. 
Case VI): n = 2(1 - y/T^K). 

As in the Case V, we consider an h- frame {£,X, 4>X}. Using the assumption \i = 
2(1 — y/1 — k) and (14. 1 1[) we obtain B = and thus the relation (|3.10l) is written as 

(4.22) [£,X] = 2A0X, 

(4.23) =0, 

(4.24) [X^X] = ^X + 2i. 

Because of (|4.23[) we find that there is a chart (V, (a;, y, z)) such that 

e = — > 4>x = — 

dx ' dy 

on V. We put 

d , d d 
X = a— + b— + c—, 

dx dy dz 

where a,b,c are smooth functions defined on V' . As in the Case V, we can directly 
calculate the tensor fields r\, (f>, g and h with respect to the basis Jj. This 

completes the proof of the mainTheorem. □ 

In the following Theorem, we will locally construct (k, fi, v — const. ^ 0)-contact 
metric manifolds with n < 1 and £(Jm) = 0. 

Theorem 3. Let k : I — I\ x 1% C K 2 — > R 6e a smooth function defined on open subset 
I 0/R 2 , such that n(x, z) = 1 — (r(z)e ra ) 2 < 1 /or any (x, z) € /, where r{z) is a smooth 
function on open interval I2 and v is constant different from zero. Then we can construct 
two families of non-Sasakian fi^v) -manifolds (Mj, (j)^ £ i5 r] it g^), i — 1,2, in the set 
M = I X R C R 3 , so ttai /or anj/ P{x,z,y) £ M, the following are valid. 



Ki{P) = k 2 (P) = k(x,z), jti x (P) = 2(1+^1 - k(x,z) and /x 2 (P) = 2(1-^/1 - k(x,z) 
-/Sac/i family is determined by two arbitrary smooth functions of two variables. 



(k,(i,v = const. )-CONTACT METRIC MANIFOLDS WITH £(Im) = 11 



Proof. We put X(x,z) = y/l — k(x, z) = r(z)e vx > and consider on M the linearly 
independent vector fields 

(4 - 25) ^ = i> x ^^^ Y ^ a T x +h h + ^ 

where a(x,y,z) = 2y + f(z), b(x,y,z) = -\{yv + vf(z) + ^) + %r(z)e vx + s(z), 
f(z), r{z), s{z) are arbitrary smooth functions of z. The structure tensor fields rj 1 ,gi, <p l 

—a 

are defined by r/ 1 = dx — (2y + f(z))dz, gi = \ 1 —b I and <f> 1 





respectively. From f|4.25[) . we can easily obtain 

(4.26) [S^Xi] = 0, [£ 1 ,Y 1 ]=2\{x,z)X 1 , 

(4 27) [Y, Kl [(2y + f{z))vr(z) + r>(z)]e™ 

(4.27) [XuYi] X 1 + 2^. 

Since rj 1 A dw 1 = —2dx A dy A dz ^ everywhere on M, we decide that r/ 1 is a contact 
form. By using just defined g\ and we find rj 1 — g(.,£i), (f>iX\ — Y\, (f>{Yi = —Xi, 
fatx =0and dVi(Z,W) = gifrfaW), g^faZ^jW) = 9l (Z,W) -^(Z^W) for any 
Z, W € r(M). From the well known Koszul's formula and (|2.4[) . we obtain 

(4.28) V Xl t 1 =-(\(x,z) + l)Y 1 , Vy 1 £ = (1-\(x,z))X 1 , 

(4.29) V Ci e x = 0, V ?1 X 1 = -(l + A(.x,z))r 1 , V ?i r 1 = (l + A(x,z))X 1 , 

(4.30) V^ 1= ^ + ^y\ + ^^ eW yi , V«K=0, 

2A(x, z) 

(4.31) Vy^i - 

[(2«+f(z)W(z) +r'(z)le ra; . . . 

(4.32) V^Yi = - n ^ X{ 1 > z) K -U—X 1 + (\(x,z) + l)Z 1 , 

hi(f>iXi = — X(x, z)4>iXx and h\X\ = X(x, z)X\, where V is Levi-Civita connection of 
g±. By using the relations (|4.28[) - (|4.32[) we obtain 

i?(Xi,Ci)Ci = KiXx + p 1 h 1 Xi + v<f> 1 hiX 1 , 
R{X lt Yi)Ci = 0. 

From the above relations and by virtue of the linearity of the curvature tensor R, we 
conclude that 

for any Z,W £ T(M), i.e. (M,<p 1 ,^ 1 ,r] 1 , g±) is (k,i,/j,i,v — const.) contact metric mani- 
fold with = and thus the construction of the first family is completed. For the 
second construction, we consider the vector fields 
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(4.34) X 2 = (-* + /(,))£ + (f - ,f» - + 2 rW e». + .(,» » + A 

and define the tensor fields n 2 ,g2, 02 j ^2 a s follows: 

r] 2 =dx- (-2y + f(z))dz 



92 = 



-b 1 



—a 

i 2 + & 2 



-6 1 + b 2 
-1 b 



( aA 2 \ 
ft 2 = -A 2 2A 2 6 
V A 2 / 

with respect to the basis (j^, g^, gj) , where a = -2y+f(z), b = + 

jjr(z)e vx + s(z). As in first construction, we say that (M, </> 2 , £ 2 , ?7 2 , <7 2 ) is (K 2 ,/i 2 ,u = 
const. )-contact metric manifold with £(Im) — 0, where K2{x,y, z) = k 2 {x,z) = r(z)e vx , 
fj- 2 (x, y, z) = 2(1 — k 2 (x, z)). This completes the proof of the Theorem. □ 



The Ricci operator Q was given in the relation p.4[) for any (k, u, u)-contact metric 
manifold (M 3 , 0, £, ry, g). If we carefully look at this relation, the scalar curvature r 
is not obvious. Now, we will give the scalar curvature r respect to k, u and v for 
(k, fi, v = const. )-contact metric manifold. 

Theorem 4. Lei (M, 0, £, 77, 5) be a non Sasakian (k, /1, t> = const.) -contact metric man- 
ifold. Then, 

AA - X(A) + 4>X{B) + v 2 X -^r(A 2 + B 2 ) 

ZX 

and 

t = -(AA - v 2 X) - \ || gradX \\ 2 +2(k - (j,), 
A A 

where AA is Laplacian of X. 



Proof. Using the definition of the Laplacian and together by Lemma 1, we have 



AA = 11(A) + <j>Xcj)X{X) + ££(A) 

= X(A) + 0X(B) + t; 2 A--!-(,4 2 + L? 2 ). 



(k,(i,v = const. )-CONTACT METRIC MANIFOLDS WITH £(Im) = 
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For the computing scalar curvature r of M, we will use (|3.6|) - p.9[) . Defining the 
curvature tensor R, we obtain 



R{X,cj)X)(j)X 



.4 



2A 



B 



= V * Ut * )-V*x -^ + (1 + ^ -V_ 



2A 



2A 



.4 



= * Ur \x+-v x x + <t>x - x + -v 0x x 



2A 



2A 



B 



2A 



-</>X(A)£ - (f + A)V 0A -C + |^ v ^ - <t> x ~ 2V« 0^ 



4 



2A 



A B 



X I — X + — — + — X 



2A2A 



B 



B 



A 



"2A -2A^ +(A -^ 



-0X(A)£-(1 + A)(1-A)X 



2 V A 

1 + <j>X{B) 
2 



A 







B\ B 2 


A 2 


2Xj ~ 4A 2 "" 


~4A 2 


, 4>X{B)\ - 


B 2 ^ 


A 2 




" \(^ + 
2A 2 


B 2 ) 



2A 



A / A 



2A V 2A 



X 



-—(A 2 + B 2 ) + {X 2 -l)-u 



AX 2 



X 
X 



1 



2A 



- X(A) + 4>X(B) --(A 2 + B ) -*(A' + B ) + (A — 1) — /x 



2A 



2A Z 



^(AA - W 2 A) - ^ || gradX || 2 -(« + M ) 



JSC 



and thus 



5 (B(X, 0X)0X, X) = i(AA - v 2 X) - ^ || grarfA || 2 -(« + M ) 



By definition of scalar curvature, i.e. r = TrQ — g(QX, X) + g(Q(j>X, <fiX) + g(Q£,, £), 
and using (13.31 ). we have 

r = 2g(R(X,<j>X)<j>X,X) + 2g(Qt;,0 

= \(AX - v 2 X) - \ || gradX \\ 2 -2(k + /Lt) + 4k 
A A 

= i(AA- w 2 A) - ^ || yradA || 2 +2(k-^). 
A A 

Thus the proof of the Theorem is completed. □ 



Remark 1. Let us suppose that fi — 2. By and {^.J$ , we have X(X) — (j)X(X) = 0. 
Using this relation in iS.ll]) . we obtain [X, <fiX] = 2£. But this relation says that 
[X, <f)X](X) = = 2£(A) = 2vX. This is a contradiction with A ^ and v = const. ^ 0. 
Because of this fact, we did not consider this case. 
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